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Abstract

The solutions of the Klein-Gordon equation with Manning-Rosen plus a class of Yukawa
potential (MRCYP) have been presented using the Pekeris-like approximation and
parametric Nikiforov-Uvarov (NU) method. The bound state energy eigenvalues and the
corresponding un-normalized eigen functions are obtained in terms of Jacobi
polynomials. Additionally, inversely quadratic Yukawa Manning-Rosen and coulomb
potentials have been recovered from the mixed potential.
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Introduction

There has been a growing interest in investigating the approximate solutions of the Klein-
Gordon equation and relativistic wave equations for some physical potential models. This is due
to the fact that the analytical solutions contain all the necessary information for the quantum
system under consideration [1]. Taking the relativistic effects into account, a quantum system in
a potential field should be described with the Klein—-Gordon equation and Dirac equation. When
a quantum system is in a strong potential field, the relativistic effect must be considered, which
gives the correction for nonrelativistic quantum mechanics. Over the years, different researchers
have investigated the bound state solutions of Klein—Gordon equations in some typical potential
fields, such as Coulomb potential [2], Poschl-Teller potential [3], Rosen—Morse potential [4],
Eckart potential [5], noncentral potential [6], rotating Morse potential [7], ring-shaped potential
[8], Hartmann potential [9], double ring-shaped oscillator potential [10], ring-shaped Kratzer
potential [11], and double ring-shaped Kratzer potential [12]. Recently, our research group has
also reported the analytical solutions to the Klein-Gordon equation with different mixed
potentials such as generalized wood-saxon plus Mie-type potential (GWSMP) [13], modified
echart plus inverse square molecular potential (MEISMP) [14].

The purpose of this paper is to solve the Klein-Gordon equation for a novel mixed type
potential consisting of Mannin-Rosen and a class of Yukawa-like potentia( MRCYP) using the
parametric NU method.
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Nikiforov-Uvarov (Nu) Method
NU method 15 based on the solutions of 2 gensralized second-order lmear differsntial equation
with special urﬂ:u:!-En:!-nal fimctions. The Klem-Gordon equationof the type as

[ (z—— I;f{r."] — V2 4+ (5(r) +:-:er] wir. 8.¢) =0, (1)
gan be solved by this method. Te do thisgguation (1) i3 tramsformed mto equation of

hypergeometric type with appropriate coordmate transformation 5 = () to gat
_.-|3"|

P+ o2 + (s =0, 2)
To selve equation (2) we can use the parametric NU method. The parametric generalization of
the NU methed 15 expressed by the EEﬂE[Eli.E“ﬂ hypergeometrictype eguation

e - Gy —CaE
V) + GV ) e e T e —alyls) =0, 3
where o(s) and &F(35) are polynomizls atmost second degres, and T(s) 15 2 fust degres
polynomizl.

The eigenfunctions (Equation 4) and correspondmg eigenvalues (Equation 3) to the eguation
become
£ L1
e e N [faem 11
Pis) = NpsSa(l —cq5) *F aB W™ ¥ — 2eg3), (4)

- 7 - - — -
(cg—ecgn+eqgn“—(2n+1)ecg+ (2n+ 1;[,‘.-::.;.+ €3,/ Cg) + €7 + 2030+ 2,/ cp0q = 0(3)
Where

1 | 1 . 7 .
s =-(l—cylcg==(cy— 20q).Cg=C5" + €. 07 = 2040 — €. Cg = C4° +E5 , Cg=CaC7+
2 _ i— _ i— _ i—
E: EE+ EE: EID_ E1+ 2E_¢ + EM.'CQ,.EII — E: - 2C5+ E[M.'EQ'F E!\‘.' Cgl :EI: — Eﬂ- + \‘.'Eg,.
i— i—
€43 = C5— Ii,‘ cg+ E!-:,"EE] (6)

N, iz the normalization constant and B, *lare the Jacobi polynomizls.

SOLUTIONS OF THE RADIAL PART OF KLEIN-GORDON EQUATION WITH
MRCYPPOTENTIAL:

[The radial part of the Klein-Gordon Equation with vector Vi{r) potentizl = scalar S(r)
potentiz ? tomic units (A =c= 1) 15 grven as
e+ WE? = MY = 2(E+ MIV(IR() =0, (M
Where A = [{l + 1) and V(r) 15 the potential energy function. The Mannmpg-Fosen potential
(MEP)is given as [

I Ce ="+ De®
vir) = =[S ®

In Equation (3)C and D are constants.

The Class ofYukawa potential (CYP)1s grven as [13]

V |:'?"| - — I;:'E;:ﬂ _ Iy ﬂ'r-:"ﬂ I:gl}
Where V,and V" are the potential depth of the CYP and @ iz 2n adjustable positive parameter.
The sum of these potentials Imown as MECYP 15 given as
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Mzking the tranzformation 5 = ¢~ Equation (10) becomes
o) = -[225] -t s an

Agam_ applymg the transfmmatiun =g~ to get the form that NU method iz zpplicable,
aquation (/) grves a generalized hypergeometric-type equation as
diR(=5 [1-2) dR(=) 1 3 -2 2 - 2 -
= T s ds + .;1_3:.131[_'39 —F+B-6G)s"+(Z°+A+B)s —(f)]R(s) = 0,(12)
Where
E*—M E+1 E+T E+M r F
A=0,—p%= W,A:z( Je.B=2(=").F=2(=)D.6=20E+M)¥,

—— [13}

(1-57%) '.l—Sfr
Comparmg Equation (12) with Equation (3) vields the followmg parameters

£y =C;=Cg= 1,|:4:D,EE,:—%,E5:§+ﬁ:+E—F—G,E_—.:—Eﬂ:—f-‘l—ﬂ,cg:
Bhee=c—(A+F+G)cyp=1+2/Fcy =2 +2(*«.'IE_A_F_ G +ﬁ‘.-?f~),cu:
JE e = —%—(JE—A F—6 +,‘"_':~),Ej_:l|'.?:+5—F— Goe; =287+ A+ B.eg=
g, | (14)

Now usmg Equations (3), (13) and (14) we obtam the energy gigen spectrum of the MEYP as
- A+B—Irﬂ*+ﬂ-|—_|—l_:ﬂ+ﬂ {2-a-F-G ‘
fr= | ————— (15)

(Zn+1)+2 |2-A-F—
Lan+1)+ 1 A—F—

Equatton (13) can be solved explicitly and the energy ;ggg spectrum of MEYP becomes

a2

I"EJ-_'-:I' I"EJ-_'-:I'

. - Vo rF +i-1-|— |—|:-1+1‘| Jc—2 ID—Z(E+ MO,
o Mi= 4t = (16)

I::i"!+L'_'l+:_‘;i—‘ _E"c_ E‘m_ (E+MIV'

7 I"EJ-:'-:I"\- I"EJ-_'-:I'
Lo

We now calculate the radial wave function of the MECYP as follows:

The weight fiinction p(s) 13 grven as [19]

p(s) = 5511 — gp5) e (17)
Usmg Equation [1—1 we get the weight function as

l,g[m—*:""l:l—t'l (18)
where U = 2,[Frand V = Ji— A-F-G

Also we obtam thn wave function y(s) as [19]
1:\ L 13 -1

x(s)=E, (1— Zegm), (19)
Usmg E.quaﬁn:!-n (14) we get the function 3(s) as
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¥(s) = BV - 29), 20)
where BXYY are Tacobi polynomials
Lastly,

]
@ls) = 5531 — £g8)  m, 21)

angdusing ﬁquauun (14) we get

o(s) =521 —5)" a (22)
We can then obtzm the radial wave function
Ry(5) = Npp(s)ya(s). (23)
As
) V=1, o
R,(s) = J"'.'i.,_ [1— z) IRy U¥l —

24)
where n 15 2 positive mteger and N, 15 the norm zlization constant.

4. DISCUSSION
We have solved the radial Schrédmger equation znd obtamed the ensrgy sigen values for the
Mannmng-Foszen plus Class Yukawa potential (MR.CYP)m Equation (16).
The followmg cases are considerad:
Case I: fC =D =V, = 0 n Equation (10), the potentizl tums back mto the Tukawa
potential and Equation (16) vields the energy gigen values of the Yukawa potentizl as

E-I-\.'-d"\'“‘_ —(m+1) ‘:| =

(23)

EZ— M%= —a ¢ I ”H_ﬂ
Equation (25) 13 smilar to that which was reported by Jizef al[17]
Case 20 If w— 0 m Equation (23), the energy gigen values for Coulomb potential
becomes
I as2_ g lE+M] -
Ef—M"= 4= 26)

Case 3: If W =V, =0 the potentizl m Equation (10) vields the Manning-Fosen
potentizl with energy sigen values given as

IrE”'" C— |ri‘“+i“+ ~ - — ;-1+1:| x_

Ef M= —ac? e (27)
i1
(an+1)+2 N =)o

...,I"El-\.'-d' T I"El-\.'-d"\-

Eq.(27) 15 similar to the equation reported m ref. [lf!-] for Mannmg-Fosen potentizl.
Case &: If €= D =V, = 0; the potential m Equation 10 yields the Inversely quadratic Yukawa
potential with energy eigen value grven as

) ~(n®+ i“.+£|—|::i“.+l_ E— AE+MIT,'
E“—M*=—-4x* ' _ (28)
(Zn+1)+2 \E— W E+MIT,'
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Case 5: If C = D = 0; the potential in Equation 10 yields a class of the Yukawa potential with
energy eigenvalue given as

2
-
2{%)%— (nz +n+%)— (2n+ 1)1‘&—2 (E+M)Vy'

E?—M?= —4 ?

29

L
(2n+1) +2_‘,'§—2 (E+M)V,

Conclusion

Analytical solutions of Klein—Gordon equation in case of Manning-Rosen plus a class of
Yukawa potentials have been obtained using parametric form of NU method. With a good
approximation to centrifugal term, we have obtained energy eigenvalues and un-normalized
wave function in terms of Jacobi polynomials. Special cases for the potentials are discussed
indicating usefulness for other physical systems.
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