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Abstract

We solve the Dirac equation for the Manning-Rosen plus Eckart potential including a
Coulomb-like tensor potential with arbitrary spin—orbit coupling quantum number k. In
the framework of the spin and pseudospin (pspin) symmetry, we obtain the energy
eigenvalue equation and the corresponding eigenfunctions in closed form by using the
Nikiforov—Uvarov method. Also special cases of the potential have been considered and
their energy eigen values as well as their corresponding eigen functions have been
obtained for both relativistic and non-relativistic scopes.

Keywords: Dirac equation, Manning-Rosen potential, Eckart potential, spin and
pseudospin symmetry, Nikiforov-Uvarov Method.

Introduction

By taking into account the relativistic effects due to the speed and spin of the particles, relativistic
equations like Dirac and Klein—Gordon must be considered, but these equations can only be solved
analytically for only few special interactions, or by imposing some conditions on the potentials to obtain
the analytic solution [1, 2]. In numerous physics applications such as in the areas of nuclear physics and
high-energy physics, one of the most significant problems is how to obtain exact analytical solutions of
the relativistic equations like the Dirac and Klein—Gordon equations for mixed vector and scalar
potentials [3]. The Dirac and Klein—Gordon wave equations are frequently used to describe the particle
dynamics in relativistic quantum mechanics. In recent years, a lot of effort has been put into solving these
relativistic wave equations for various potentials by using different methods [4, 5]. Some researchers have
investigated the Dirac equation by using a variety of potentials and different methods, such as the spin
symmetry in the antinucleon spectrum and tensor type Coulomb potential with spin—orbit number £ in a
state of spin symmetry and p-spin symmetry [6],bound states of the Dirac equation with position-
dependent mass for the Eckart potential [7], the exact solution of Klein—-Gordon with the Poschl-Teller
double-ring-shaped Coulomb potential [8],the exact solution of the Dirac equation for the Coulomb
potential plus NAD potential by using the Nikorov—Uvarov method [9], the potential Deng—Fan and the
Coulomb potential tensor using the asymptotic iteration method (AIM) [10],the potential Poschl-Teller
plus the Manning Rosen radial section with the hypergeometry method [11], the solution ofKlein—Gordon
equation for Hulthen non-central potential inradial part with Romanovski polynomial[12],and the solution
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of the Schrodinger equation with the Hulthen plus Manning—Rosen potential [13], the Scarf potential with
the new tensor coupling potential for spin and pseudospin symmetries using Romanovski polynomials
[14],for the g-deformed hyperbolic Poschl-Teller potential and the trigonometric Scarf II noncentral
potential by using AIM [15],eigensolutions of the deformed Woods—Saxon potential via AIM
[16],approximate solutions of the Klein Gordon equation with an improved Manning Rosen potential in
D-dimensions using SUSYQM [17], and eigen spectra of the Dirac equation for a deformed Woods—
Saxon potential via the similarity transformation [18].

The conventional NU method, which received much interest, has been introduced for
solving the Schrodinger, Dirac and Klein—Gordon wave equations. This method is applicable to
different quantum mechanical systems. The discussion of the relativistic behaviour of spin-1/2
particles requires an understanding of the single-particle spectrum and the exact solutions of the
Dirac equation with the vector and scalar potentials.

In this work,our aim is to solve the Dirac equation for the Manning-Rosen plus Eckart
(MRE) potential in the presence of spin and pspin symmetries and by includinga Yukawa-like
tensor potential. . The MRCY potential takes the following form:

Vir)=—

(1)

ca-x-'wa-"-"-'] Vo Ve e
1—g—*")2 r r r2

where a is the screening parameter, C, D and A, B are depths of the potential.

The Dirac equation with tensor coupling potential
The Dirac equation for fermionic massive spin-1/2 particles moving in the field of an attractive scalar
potential 5(r). a repulsivevectorpotential V(r) andatensorpotential /(r) (in unitsh =c =1) is

-5+ 8(M+5@) —ipd - FU) [ (F) = [E — V(). ()

where F is the relativisic binding energy of the system ,p= —iV  isthethree-
dimensionalmomenmmoperatorand M is the mass of the fermionic particle. @ and f are the 4x4usual
Dirac matrices given by

i=(5 0tzlpp) ®
where I isthe2 x2uniarymatrixand & arethree-vectorspin matrices
=y o)nezliogk =0 2) @

The eigenvalues of the spin—orbit coupling operator arex = (j +%) = 0and x = —(j +%) = 0 for
unaligned spin j = ! —% and aligned spinj =1+ % respectively. The set(H?,K, J*,]-)can be taken as the

complete set of conservative quantities 'ﬁ,'iﬂlj_’being the total angular momentum operator and K =

(a. L+ 1)is the spin—orbit where L is the orbital angular momentum of the spherical nucleons that
commutes with the Dirac Hamiltonian. Thus, the spinor wave functions can be classified according to

Analytic Spin and Pseudospin Solutions to the Dirac Equation for the LOUIS H., ITAB.I., AMOS P.l., AKAKURU O.U., -39-
Manning-Rosen Plus Eckart Potential and Yukawa-Like Tensor Interaction | OROSUN M.M., NZEATA-IBE N.A AND PHILIP M



fieop 1JCPS Vol. 7, No.1, Jan-Feb 2018 ISSN-2319-6602

SmEEmEEEs www.ijcps.org International Journal of Chemical and Physical Sciences

their angular momantumj, the spin—orit quantum mmber x andths radisl quantum gumbern. Hence,

thew can be writtan as follows:

_ f‘ﬂ,II:T-:}J _1 -EI'LJ-.'I:T'} &;LEI:E_.-IP}) -
wmtﬁ}_(mm TG FLEe)) @

‘.’the-ﬁf-"‘x(f-"} is the uppar (largz) componant mdg, (%) is the lower (small) componant of the Dirac
spmoLs. 5';-'1“(5', @) and F,LEI: f,pp) are spin and pspin spherical hamonics, respectivelv,and m
istheprojectionofthe angular momentim on thes — axis Substitnting Equation {3) inte Equation {2) and
makinguse of the following ralations

(7-4)(3-B)=A-F+i5-(A= B (62)
(3-F)=7-#(r-F+iZE), (6%)
togzthar with the following propertias

(3 D¢ (6.0) = (x— V¥ (6.0,
(7 L)¥h(6.0) = —(x— D¥,(8.), ')
e [
(7~ ¥ (B0} = — ¥, B.0),
ong obteins two couplad differential aquations whose solutions are the wpper and lower radial wave
functions F, ,.(r) and G, (7} as

(£ +%—0() ) Fuelr) = (M+ Eny — (7)) G (7). (Ba)
[mi ~rs m;r}} G (7) = (M — Epy + Z(r))Ep ), (8b)
where
Alr) =Vir) —50F), (9a)
Zir) =vir) + 5(r), (95)

After eliminating F, ,(r) and G, . (r) in Equations (), we obmin the following two Schrodinger-like
diffarantial aquations forthe upperand lowrer radial spinor componants:

dalr)
d®  xik+1) 2k dur i) . ar fd  ®
R +TEII:f'} " UAr) | Pl + MTE. 109 'LE-"F —H[P}}&x(r}
=[(M + Ep —A(r)I(M — Epy. +Z(r)]]IF, . (rX10)
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L]

[d——L'” + () + 2 U2(r)| G () +—4f—f——: +U(F)) G ) = [(M + By —

ri ri M=Ey~I(r) Sdr
AP M — Epye + E(r))] G () (11)

111

raspactivaly, wharsw(x — 1) = I{1 + 1) and wl(x + 1) = 1(1 + 1).
The quantm mimber ¥ is ralatad to the quantm mimbers for spin svmmmetryl and pspin E_‘_n".I:I:I]:I:I.EtI.'_‘_-".:. as

1) =— |::_|.' +£} I:siJ.-z,ng.-z, E'I:E':|

=1 +=, aligned spin (& < 0},

K|

K=

] (12)
+: = + I':'I + %..} I'--‘Ehi.l'.z"dg.l:z‘I EtE:I )

) 1 . .-
i =:_E’ unaligned spin (x = 0),

and, the quasidsgenerate doublst structure cam be expressed in terms of a pspm angnlar momentim
£ = 1/2 and pseudo-orbital sngular momantum i, which is dafinad as

T . 1% ¢
—: = — |Ir_|| +E} I__f.'i-l.'z_. _ﬂg}.'z_. E'tl:':l

N . .
_.l:I—E, aligned spin (x < 0,

E }_+|.(_.'+ }'da 2+ f5; st'tl?:'

1
=i+ > unaligned spin (x = 0),

(13)

where x = +1,42,... For example, (15,5, Ods;z) and Opssz, 0fiz) can be considared as pspin
doublats

Spin symmetry limit
In the spin symmety lhni’r__%;-::’- = DorAlr) = €; =constant, with Z(r) taking as the MREE potential
Equation {1) and the coulomb-liks tansor potantial. i

2 = Vi) = - [ 2] 1E= - (14)

1 E—:E'l""..

Uir) = —%E'_:": (13)
Underthis symmetry, Equation(1 ()isrecast in the simplaform

[dl It P R - U Bl R ’:'-JF _ [ |.r [ = ope™ ’:'-J_
ri ri ri ri “"'- ¥ " [1—g—=)T [1—a™

N ,
B ) BT [Fanl?) 169

wherex = landk = —1— 1 forx <0 mdx >0, respectively. Alsoy = (M + E,, — ) andf® =
(M —E, )M+ E,, — () (16b)
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Psgudospin symmeny limir

Ithas been shownthatthersisaconnectionbatween pspin
symmetrvandnsarsqualitrofthetimecomponantofavector potential and the scalar potential [19], F(r) &
—5(r). After that, it was darived that 1[""52 =0 orE(r) = Cps =constant, then pspin symmetry is axact
in the Dirac equation. Hare, we are taLu:LEf.‘.' ) as the MRE potential Equatign{l) and the tansor potantial
as the Coulomb-like potential. Thus, Equation{11}ismecast in the simple form

gt mE-1) zeHe ™™ | HeTTY | gHeTT g - - ce " epa~ _

[drl ri ri N ri + ”]Eﬂ . T‘:I [-l,.r[ [ [1=—g =) ':I. = +
B ) + 8] Gual) (179

mm = —landx = [+ 1fork=0 andmlﬁﬂ:raipa-ﬂt“t‘-'i‘l}'-a"ﬁlm:?:':Eru.- _M_':psj EEL

B = (M + Ep) (M — By + Cpa) - (17b)

tp obtain the anslytic solution, we usean approximation for the centrifueal tarm as []

1 _ at r

FE T [L-gmERT “13"]

Finallv, for the solutions to Equations (16) and (17 with the above appremimation, we will employ the
MU method, which is brieflv introduced in the following section

The Nikiforov—Uvarov (NU) method

The MU mathod is based on the solutions of a gensralized second order linsar differential
squation with special orfhogonal functions. The hypergsometric MU method has shown it power in
calculating the exact energy levals o f-s]lb-:-und states for soms solvable quantum svstems.

W, is)+ “"-Lnl ]+ '-L nls)=10 (19)

\.

Wheare ofs)] and crks:l ars pu:nl'-'nn:nmwls at most second degres and T(s) is first degree
polynomizls.The paramstric generalization of the N-UU method & given by the gsneralized
bvp are=u:-m=1:r~i—:-h'p= =-q1.1ati-:-n

ws) + I;-ﬂf’ )+

m[ £.5° + 5 —e5]W(s)=10 {2

s[i-
Thus =qn. .,_...:I can be solvad by comparig it with equation {3) and the followng polvnomials ars
obtainad
#e) = {0y — 028), o0e) = 2(1— 035). (=) = —e32° + £35— &3 {21)
The paramstars obtainabls from eguation {4) serve as fmportant tooks to finding the anergv
gigenvalue and sigenfunctions. They satisfvthe following sets of aquation respactively

cafi- (2n + 1)eg + (2n + 1}(.‘,-':'_;. + I:'g.llllll:'_g} +n(n— 1)z +o; + 20365 +2,/0gcg = 0

- b |
L

(e — eadn+ean® —(2n+ Ve + (20 + 10 oy + 02,/2) + 02 + 2ea0 + 2,00y = 0
.-":-1]
(21
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Whila the wave function is given as

S R Nl N
W (5) = Ny 5502(1 — og5) " TR, E T U 200) (24)

Whears

Cay =l':1 —ey), o =%':E'z — 203), 0 =05" + €1, 07 =10y0s - 62, Ca =04° + &3,

£g = 030 030y + o, Cyp= 0y + 20, + 2 |I:'g £y = 0z — 205 + EI -n:‘;|+ :3.,',-'|:'_3:|
£12 = gt 4/ c'g:|:'13=|:'5—|__.,',-|:';+ :3.,',-|:'3:| {25]

and Fpis the orthogonal pobmomials.

Solutions to the Dirac equation
Wa will now solve the Ddrac aquation with the MEE potential and tansor potential b using the NIUT
mathod.

The spin symmetric case
To obtain the solution to Equation (16), br using the fransformations = ™%, wa rewrita it a5 follows:

d3Fals)  r1—gy SFnads)
naes gy i) Teaed) 2 [ k(x+ 1) — ZxHs — 2Hs + Hs* — H's* + L(cs+ D57 +
a5 si-5)  as SE[1-5E

As(1—g) + Bs) ——ll—s}] Fols) =0, (2

Eq. (26 is further simplifisdas

XFad5) -5y CFnad z z
wd) 4 L) Tuads) o [ E-Lp+lasw-n)a+(E-Le+Laslc-
grs s(l-5) dz :* [1—s)T T b o o T T T
zmH—EH]'-s—( +m'm+1}J] Fnls) =0, (27

Comparing aq. (27 with aq. {20), w= obtain

£y =1, 51:‘:—:—55 +£.¢]—}'[='E+Hz —H
2 I
ey =1, EE:%—£E+£A+£C—EH:H—EH (2

e =1, €5 :i—:+ ki + 1)

and from Eq. (25), we furthar obtain

0 1
Cg = W O = — /)
4 5 2
1 252 y
cg =—+ JE——l::n+l.=1+ﬂz—ﬂ, c;:—(i—l5+lﬂ+lC—EmH—EHJ
4 g2 z ol ol ol
z z
E‘g—'ﬂ—+H.'-'H:+1:'_. c‘;:{'r;l.;—i} —£5—£C+£5ﬂ¢‘;j§w{f$ﬂr=m+ﬂ+l
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—_—

.'EE ]
eip=1+2 | +xlx+1),
_.hjl?t

{ Z
— f 1 ¥ r |ﬂ
c11_2+2(ﬂ[n.¢—5} —ZD-SC0+ 5"‘*,1

—_—

.'SE B
Lz = .I_E+H:I"H:+j'::l"
o
2
r I| 1 2 R . . II'IEE .. L
'(m——} ——=D——C+—=EB+ —+rle+1)
f 3 ] ] ] {2
N ~ )

+H:'H:+1:|J (2

_ 1

£33 = 5

In addition, the energv sigenvalue aquation can be obtained by using Eq. {23) as follows:

2

z — x ]

| 1)y _ ¥ X |8 i _¥F_ ¥ L 2 ey
(ﬁ.+ + fn.f } D — |:+:15+*J=1+H;-u:+1}j| =5 — 5D+ S AFH? —H(30)
By substituting the explicit forms of y and §° after Equation (16) into Equation (30), one can eadily

obtain the closed form forthe enerey formmla.

(ﬁ+ + 'f ——} ——_MM+H“—|:}——IM+'-' —|:j|+—uw+r - )+
2
] r ) -
*J':‘ (M — B ) (M + Epy — o) ) + el + 1}J =il__uv:—,M}EﬂrHErur —C:}:I—%':M+Eﬂ_._.—
) +—|M+ Epe — Co)HHE — H (31)

On the other hand, to ind ths corraspondine wave functions, refarfng to equation{29) and aq. {24), we
obtain the upper componant of the Dirac spinor from ag. 24 as

[BE . 1| nE oY ¥ = 2 1__". Y T
Fonls) = Byosia@ 70y — g7 (mes) —mt -y, |z les 03 mez) —P - m )
2s) (32)

where By, . is the normalization constant. The lower componant of the Dirac spinor can be caleulated from
aquation {8a)
E,L_.;':T‘:'—ml::i—r+——blr}}ﬂm {33)
wWhere Epe ¥ —M + C;.
The psendospin symmetric case

To avoid rapetition in the solution of Equation {17, we follow
thesameprocadurasaxplainadinsactiond. l sndhenceobtain the following sanarev sipenvalue aquation:

r 5 — y -
1 1 z J z
n+i+ (ae-2) - Lp-Te+lp+ Biw-1) =E-Zp+Las+m+n
2z N z4 o a T 4 gt o i I3
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and the corresponding wave functions for the upper Dirac spinoras

— ’ F , T ¥ ¥ ¥
|52 f 1‘-‘F VooV o |2 stz (a2} —tep-tors op |
i) = e, L L - e S Bt B e e Sl P
H..'_%f'::l_ Eﬂ‘._-:-'."" -"|j_ 5-::| ‘-.I L =i~ i % Pﬂ'- o Wl | o I J1—

2s) (33)
weran, = Kk +H and Eﬂ_._. is the normalization constant. Finally the Uppear-spinor componaent
oftheDiracegquationcan be obtainad via aquation {8h) as

(£ -2+0(1)) Guulr) 36)

Folr) = -

[2- Eﬂk— L
whera B, ¥ M + O

Discussions
In this saction, we ars goingto study some spacisl cases of the snerey sipsnvalues given by Eqgs.
(31) and (353) for the spin and pseudospin symmetries, respactively.

Casz | Honeses &; =0,Cp; =0,4 =B =0in Eq. 31) and Eq. 33), we obtain the enerey aquation
of Manning-Kosen potantial for spin and pseudospin symmetric Dirac theory respactively,

2
T 3 r N
1 I 1 o - C - 1 Fr - -
(ﬁ +E+..J|i'r:|~:—;} — <M+ Ep) —— (M +E“}+*J|;|__LM—E“}LM+ Eﬂ_.._-::'2|+l-l.'-'._l-|:+1::|jl =

i ((M—En )M+ E.)) —i (M+E,)+H —H (1)

and

1 II 1 : 0 "'z
(ﬁ +;+*J[J-‘.f—;} — B — M) ——1LH“ M}+*J _LM+ EH}LM—EH}H:LE—i}J =
= (M+ B ) (M= Ep) == (Epe — M) + B2 +H (39)

Case 2:Ifonzsets & = 0.0p; = 0.0 =D = 0in Eq. (31) and Eq. {33), we cbtain the enargy equation of
Eckart potantial for spin and pseud ospin symmetric Dirac theorr raspectively,

z

-

b
(ﬁ.+ + 'fn.r——} + = (M + Ene) + |—|’n,vr—-- }I:M+5“}j|+m(m+1}J == ((u -

Epese ) (M + Enye :|+i':M+Eﬂ_._.}+Hz —H (40)
2
I - (e |_ E Y g — - Ly
n+= + e + B — M) + J=t (M +En )M — Ep)) + ik 1} M+
Ep ) (M — “}j+iuuﬂ—m+ﬁf3 +H (41)
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Case 3:Ifonagsets C; = 0.0, = 0.BE=0,C=0,D = 0.inEq. {31} and Eq. (35), we cbtain the aergy
squation of Hulthen potantial for spin and pseudospin symmetric Dirac theorr respactively,

.‘E

(M — B (M + Ep)) + el + 1}J - f (M — Epe ) (M + Ep,)) +f (M +Epe) +

L
T

(ﬂ + 1y +-.JI

B —H 4D

and

.‘E

(ﬂ +ac+ *J'i (M4 Ep (M — Ep)) + wln — 1}J = 2 (M + B ) (M — En)) 2 (M + En) +

H*+H {(43)

Case 6: Letus now discuss tha ralativistic limit of the enerey sigenvalues and wavefunctions of our

solntions. If we take C; = 0, H = 0and puts (r) = Vir) = Z(r), the nonralativistic limit of anargy

Equation {31) forMEE potantial and wave function 32 underths followingappropriats transformations
.

M % Ey = —, and M — E,,, — —E,, becomes

I

En
_ o 2001 +1) - ffh':z - th‘f - 25‘:‘2 +(n*+n+ %I +(2n+ 13ﬁ‘i||::+ %:Iz - 523;—':! - %ﬁ;—ﬂz + %ﬁ;—ﬁr
2y (int 0 42(142) ~24C 24D, 245 J
— M+ 1)
J
and the associated wave fimetions F, (2) = Ry, (s)are
Fa(8) = Ny 201 =) T 2B (1 - 24, (44)

Case 7: If4 = B = 0in Eq. @4), we obtain the anergv equation of Mannng-Fossn potantial in thenon-
ralativistic limit
z

TEl | ¢ g 1 e 1nd ozl zpD
2z | |2UIE - (nR e e 1) ) (125)
- — I el L ) L ) seZnl eInd -||-'-| :I -"4
Epp =— —ili+1 [46)

2 . . ¢ 1n® zEd ZpD
Ensimi il mm
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Case 8: IfC = D = 0in Eq. @4), wea obtain the anergy aquation of the Eckart potantial inthe non-
ralativistic limit

—_— a2
T T - 1 - %z
e e i e N G e IS .
- et s e 47
ig ; . oyt IEE
.'Eﬂ.—ii_l—z_" I_I_E_I _'IT"J'_:'

Case?: IfB =0, = D =01in aq. @7), we obtain the anergv aquation of the Hulthen potantial m
thenon-ralativistic limit

F 3

. . IEA - Iy . -
P I T e R (e B P T
o*h* L STTEE { TI L iy | T .
B =~ E— ———| — I{i+1) (48)
i . . - 1~ =
(zn+13+2, (14
Conclusion

We have studied Analytic spin and pseudospin solutions to the Dirac equation for the
Manning-Rosen plus Eckart potential and Yukawa-like tensor interaction. We have obtained
the energy eigenvalue equations and the related two-component spinor wave functions with
the help of Nikiforov—Uvarov method.
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